Tracefree ${\rm SL}(2,\mathbb{C})$-representations of Montesinos links by Chen, Haimiao
Trace-free SL(2,C)-representations of
Montesinos links
Haimiao Chen ∗
Beijing Technology and Business University, Beijing, China
Abstract
Given a link L, a representation pi1(S
3 − L) → SL(2,C) is trace-
free if the image of each meridian has trace zero. We determine the
conjugacy classes of trace-free representations when L is a Montesinos
link.
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1 Introduction
Given a link L ⊂ S3 and a linear group G, a trace-free (or traceless) G-
representation of L means a homomorphism pi1(S
3 − L) → G sending each
meridian to an element of trace zero. Dated back to 1980, Magnus [5] used
trace-free SL(2,C)-representations to prove the faithfulness of a represen-
tation of braid groups in the automorphism groups of the rings generated
by the characters functions on free groups. Lin [4] used trace-free SU(2)-
representations to define a Casson-type invariant of a knot K, and showed
it to equal half of the signature of K. More interestingly, Kronheimer and
Mrowka [3] observed that for some knots K, its Khovanov homology is iso-
morphic to the ordinary homology of the space R(K) of conjugacy classes
of trace-free representations of K. In this context, Zentner [8] determined
R(K) when K belongs to a class of classical pretzel knots. For related works,
one may refer to [1], [2], etc.
There are relatively few results on trace-free SL(2,C)-representations.
For a knot k, Nagasato [6] gave a set of polynomials whose zero locus is
exactly the trace-free characters of irreducible SL(2,C)-representations of K.
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Nagasato and Yamaguchi [7] investigated trace-free SL(2,C)-representations
of pi1(Σ−K) (where K is a knot in an integral 3-sphere Σ), and related to
those of pi1(B2), where B2 is the 2-fold cover of Σ branched along K.
In this paper, for each Montesinos link, we completely determine the
trace-free SL(2,C)-representations by given explicit formulas.
Let SL0(2,C) = {X ∈ SL(2,C) : tr(X) = 0}. Note that each X ∈
SL0(2,C) satisfies X−1 = −X.
By a “tangle” we simultaneously mean an unoriented tangle diagram
and the tangle it represents. Given a tangle T , let Dar(T ) denote the set
of directed arcs of T , (each arc gives two directed arcs). By a (trace-free)
representation of a tangle T , we mean a map ρ : Dar(T ) → SL0(2,C) such
that ρ(x−1) = ρ(x)−1 for each x ∈ Dar(T ) and at each crossing illustrated
in Figure 1, ρ(z) = ρ(x)ρ(y)ρ(x)−1. To present such a representation, it
is sufficient to give each arc a direction and label an element of SL0(2,C)
beside it.
Figure 1: A representation satisfies ρ(z) = ρ(x)ρ(y)ρ(x)−1 at each crossing
Figure 2: A tangle T ∈ T 22 , with the four ends directed outwards
Let T 22 denote the set of tangles T with four ends which, when directed
outwards, are denoted by T nw, T sw, T ne, T se, as shown in Figure 2. The sim-
plest four ones are given in Figure 3. In T 22 there are two binary operations:
horizontal composition ∗ and vertical composition ?; see Figure 4.
For k 6= 0, the horizontal composite of |k| copies of [1] (resp. [-1]) is
denoted by [k] if k > 0 (resp. k < 0), and the vertical composite of |k|
2
Figure 3: The simplest four tangles: (a) [0], (b) [∞], (c) [1], (d) [−1]
Figure 4: (a) T1 ∗ T2; (b) T1 ? T2
copies of [1] (resp. [-1]) is denoted by [1/k] if k > 0 (resp. k < 0).
Given integers k1, . . . , km, we define the rational tangle
[[k1], . . . , [km]] =
{
[k1] ? [1/k2] ∗ · · · ? [1/km], if 2 | m,
[k1] ? [1/k2] ∗ · · · ∗ [km], if 2 - m,
(1)
and its fraction
f([[k1], . . . , [km]]) = [[k1, . . . , km]]
(−1)m−1 , (2)
where the continued fraction [[k1, . . . , km]] ∈ Q is defined inductively as
[[k1]] = k1, [[k1, . . . , km]] = km + 1/[[k1, . . . , km−1]]. (3)
Denote [[k1], . . . , [km]] as [p/q] if the right-hand side of (2) equals p/q.
A Montesinos tangle is a tangle of the form T = [p1/q1]?· · ·?[pr/qr]. The
link obtained by connecting T nw and T ne with T sw and T se, respectively, is
called a Montesinos link and denoted by M(p1/q1, . . . , pr/qr).
Given a representation ρ of T ∈ T 22 , denote
ρnw = ρ(T nw), ρsw = ρ(T sw), ρne = ρ(T ne), ρse = ρ(T se), (4)
trv(ρ) = tr(ρ
neρse), trh(ρ) = tr(ρ
swρse). (5)
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Remark 1.1. Take a 3-ball B containing T such that ∂B intersects T pre-
cisely at its end points. Then pi1(B − T ) has a presentation of Wirtinger
type, and ρ can be identified with a representation pi1(B − T )→ SL0(2,C);
(this is true for all tangle). Noting that the element of pi1(B − T ) pre-
sented by T nwT sw is conjugate to that presented by T neT se, we also have
trv(ρ) = tr(ρ
nwρsw). Similarly trh(ρ) = tr(ρ
nwρne).
2 Representations of rational tangles
Suppose [[k1, . . . , km]] = [p/q] with p, q 6= 0. For a representation ρ of [p/q],
let X,Y,X(j), Y(j) denote the elements that ρ assigns to the directed arcs
shown in Figure 5. Call (X,Y ) the generating pair of ρ, indicating that ρ is
determined by X and Y .
Figure 5: A representation of the rational tangle [[k1], [k2], [k3]]
Suppose tr(XY ) = t. Then XYX−1 = −tX − Y , hence each X(j) or
Y(j) can be expressed as α(t)X + β(t)Y , where α(t), β(t) are polynomials in
t that do not depend on X,Y . We take a clever approach to derive formulas
for the coefficients α(t), β(t).
For a ∈ C×, put
A(a) =
1
2
(
(a+ a−1)i a− a−1
a− a−1 −(a+ a−1)i
)
. (6)
Lemma 2.1. (i) If ρ is a representation of [k] with ρnw = A(a1) and ρ
sw =
A(a2), then ρ
ne = A(−ak+11 /ak2) and ρse = A(−ak1/ak−12 ).
(ii) If ρ is a representation of [1/k] with ρnw = A(b1) and ρ
ne = A(b2),
then ρsw = A(−bk+11 /bk2) and ρse = A(−bk1/bk−12 ).
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Proof. (i) Suppose ρ is a representation of [1] with ρnw = A(a1) and ρ
sw =
A(a2), then ρ
se = A(−a1), and computing directly,
ρne = ρse(−ρsw)(ρse)−1 = A(−a1)A(−a2)A(−a1)−1 = A(−a21/a2).
Applying this repeatedly, we obtain the result.
(ii) The proof is similar.
Suppose ρ is a representation of [p/q], with X = ρnw = A(1) and Y =
A(s). By Lemma 2.1, Y(1) = A(−s−k1), X(1) = A(−s1−k1), and in general,
Y(j) = A(s(j)), X(j) = A(s
′
(j)) with
s(0) = s, s(1) = −s−k1 , s′(1) = −s1−k1 ,
s(j)
s(j−2)
=
s′(j)
s′(j−1)
=
(
s(j−2)/s′(j−1)
)kj
, j ≥ 2.
Consequently, for j ≥ 2,
s′(j) =
s(j)s(j−1)
s(1)s(0)
s′(1) = s(j)s(j−1), s(j) = (s(j−1))
−kjs(j−2).
Define uj , vj , 0 ≤ j ≤ m, inductively by
u0 = 0, u1 = 1, uj+1 = kj+1uj + uj−1, (j ≥ 1),
v0 = 1, v1 = k1, vj+1 = kj+1vj + vj−1, (j ≥ 1),
so that uj/uj−1 = [[k2, . . . , kj ]], vj/vj−1 = [[k1, . . . , kj ]]. Then
Y(j) = A
(
(−1)ujs(−1)jvj
)
, X(j) = A
(
(−1)uj+uj−1s(−1)j(vj−vj−1)
)
.
(7)
Put
{
p˜ = um, q˜ = um−1, if 2 - m,
q˜ = um, p˜ = um−1, if 2 | m, i.e.,
p˜/q˜ = [[k2, . . . , km]]
(−1)m−1 . (8)
One can prove by induction on m that
p˜q − pq˜ = 1. (9)
We have
ρne = A((−1)p˜s−p), ρsw = A((−1)q˜sq), ρse = A((−1)p˜+q˜sq−p). (10)
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Hence
−trv(ρ) = (−1)q˜(sq + s−q), −trh(ρ) = (−1)p˜(sp + s−p). (11)
For an integer k, denote
{k}s = sign(k) ·
|k|∑
j=1
s2j−1−|k| =
{
(sk − s−k)/(s− s−1), s /∈ {±1},
ksk−1, s ∈ {±1}; (12)
it can be written as a polynomial in s+ s−1. Noticing
A(sk) = {1− k}s ·X + {k}s · Y,
we obtain
ρne = (−1)p˜({1 + p}s ·X + {−p}s · Y ), (13)
ρsw = (−1)q˜({1− q}s ·X + {q}s · Y ), (14)
ρse = (−1)p˜+q˜({1 + p− q}s ·X + {q − p}s · Y ), (15)
and when {p}s 6= 0,
(ρsw, ρse) = −(ρnw, ρne) · (−1)
q˜−1
{p}s
( {p+ q}s (−1)p˜{q}s
−(−1)p˜{q}s {p− q}s
)
. (16)
As pointed out in the second paragraph of this section, these relations
are actually valid for arbitrary X,Y .
Notation 2.2. For P,X ∈ SL(2,C), denote PXP−1 by P.X.
Remark 2.3. For Z,W ∈ SL0(2,C), call (Z,W ) regular if there exists P ∈
SL(2,C) such that P.Z = A(1) and P.W = A(s) with s+s−1 = −tr(ZW ). It
is easy to see that (Z,W ) is non-regular if and only if −tr(ZW ) = 2a where
a ∈ {±1} and W 6= aZ, and under this condition, there exists P ∈ SL(2,C)
such that P.Z = A(1) and P.W ∈ {Sa, S′a}, where
Sa =
(
ai 1
0 −ai
)
, S′a =
(
ai 0
1 −ai
)
. (17)
According to (13)–(15), the four pairs (ρnw, ρne), (X,Y ), (ρnw, ρsw) and
(ρsw, ρse) are simultaneously regular or not.
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3 Representations of Montesinos links
Given a representation ρ, say ρ is reducible if all the elements in Im(ρ) have
a common eigenvector; in particular, say ρ is abelian if Im(ρ) is abelian. Call
ρ irreducible if it is not reducible.
Given a Montesinos link L = M(p1/q1, . . . , pr/qr), denote
µ =
r∑
`=1
q`
p`
. (18)
Suppose ρ is a representation of L. Let ρ` denote its restriction to [p`/q`], let
(X`, Y`) denote the generating pair of ρ`, and assume −tr(X`Y`) = s` + s−1` .
Up to conjugacy we may assume X1 = A(1).
By Remark 1.1, the −trh(ρ`)’s have a common value. Take a ∈ F so
that this value equals a+ a−1, where
F = {eiϕ : 0 ≤ ϕ ≤ pi} ∪ {s ∈ C : |s| < 1}. (19)
Then for each `, by (11),
(−1)p˜`(sp`` + s−p`` ) = a+ a−1,
with p˜`/q˜` defined as in (8); switching s` with s
−1
` if necessary, we have
(−1)p˜`sp`` = a. (20)
If ρ is reducible and non-abelian, then (ρnw` , ρ
ne
` ) is non-regular for at
least one of the `’s, which is, by Remark 2.3, equivalent to the condition
that the (ρnw` , ρ
ne
` )’s are all non-regular. Hence, a ∈ {±1} and s` ∈ {±1}
with (−1)p˜`sp`` = a. By (13), ρne` and Y` are determined by each other; by
(16),
(ρsw` , ρ
se
` ) = −(ρnw` , ρne` ) · (−1)q˜`−1sq`` B(q`/p`), (21)
with B(w) =
(
1 + w aw
−aw 1− w
)
. (22)
Observing B(w)B(w′) = B(w + w′), we have µ = 0 and
r∏
`=1
(−1)q˜`−1sq`` = 1. (23)
Conversely, when a, s1, . . . , sr ∈ {±1} satisfy (−1)p˜`sp`` = a, ` = 1, . . . , r
and (23) holds, an arbitrary Y1 6= aA(1) gives rise to ρnw` , ρne` , ρsw` , ρse` and
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then X`, Y` for all ` through (ρ
nw
`+1, ρ
ne
`+1) = −(ρnw` , ρne` ), (21) and (13). The
X`, Y`’s combine to define a non-abelian reducible representation of L.
If a ∈ {±1} and (ρnw` , ρne` ) is regular for each `, then ρne` = −aρnw` and
(ρnw` , ρ
sw
` ) is also regular. Conversely, given X2, . . . , Xr and s1, . . . , sr such
that (−1)p˜`sp`` = a ∈ {±1} and (adopting the convention that Xr+1 = X1)
(X`, X`+1) is regular and tr(X`X`+1) = (−1)q˜`(sq`` + s−q`` ) (24)
for each `, there is a unique representation ρ of L such that
ρnw` = X`, ρ
ne
` = −aX`, ρsw` = −X`+1, ρse` = aX`+1;
actually, Y` is determined by X`, X`+1 and s` as in (14):
(−1)q˜`({1− q`}s` ·X` + {q`}s` · Y`) = −X`+1.
Remark 3.1. Note that, ρ is abelian if and only if each s` ∈ {±1}; in this
case Y` = s`X` and X`+1 = (−1)q˜`+1sq`` X`.
Suppose ρ is non-abelian so that s` 6= ±1 for some `. Let
D =
(
0 1
−1 0
)
, E =
(
0 i
i 0
)
= A(1)D. (25)
Note that A(1)2 = D2 = E2 = −I, and each X ∈ SL0(2,C) can be written
as X = aA(1)+bD+cE for a unique triple (a, b, c) ∈ C3 with a2+b2+c2 = 1.
Suppose
X` = a`A(1) + b`D + c`E, (26)
with
a2` + b
2
` + c
2
` = 1. (27)
Then (a1, b1, c1) = (1, 0, 0), and
(−1)q˜`(sq`` + s−q`` ) = −tr(X`X`+1) = 2(a`a`+1 + b`b`+1 + c`c`+1). (28)
Since (p`, q`) = 1, we have that (−1)q˜`sq`` ∈ {±1} if and only if s` ∈ {±1}.
Hence the requirement that (X`, X`+1) is regular is equivalent to
(a`+1, b`+1, c`+1) = (−1)q˜`sq`` · (a`, b`, c`) if s` ∈ {±1}. (29)
Let h ∈ {1, . . . , r} be the smallest k such that s1, . . . , sk−1 ∈ {±1} and
sk /∈ {±1}. Then
X` = (−1)q˜1+···+q˜`−1sq11 · · · sq`−1`−1 A(1), 2 ≤ ` ≤ h.
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Switching sh with s
−1
h if necessary, we may assume sh ∈ F . Conjugating by
a diagonal matrix if necessary, we may assume
Xh+1 = (−1)q˜1+···+q˜hsq11 · · · sqh−1h−1 A(sqhh ). (30)
Note that (ah+1, bh+1, ch+1) is determined by this equality.
It is easy to see how to find all of the (a`, b`, c`)’s satisfying (27), (28)
and (29), so as to find all of the tuples (X1, . . . , Xr) satisfying (24).
In the remaining part, suppose ρ is irreducible and a /∈ {±1}; we can
assume Y1 = A(s1). Write a = |a|eiθ. Then, for each `,
s` = |a|1/p` exp
(
i
p`
(θ + p˜`pi + 2n`pi)
)
for some n` ∈ Z. (31)
By (16),
(ρsw, ρse) = −(ρnw, ρne)C((−1)q˜`−1sq`` ), (32)
with
C(w) =
1
a− a−1
(
aw − a−1w−1 w − w−1
−(w − w−1) aw−1 − a−1w
)
. (33)
Observing C(w)C(w′) = C(ww′), we are led to
r∏
`=1
(−1)q˜`−1sq`` = 1,
which is, by (9), equivalent to the pair of equations
|a|µ = 1 (34)
and
µθ + pi
r∑
`=1
2n`q` + 1
p`
= (2n+ r)pi for some n ∈ Z. (35)
If µ 6= 0, then |a| = 1 and
θ =
pi
µ
(
2n+ r −
r∑
`=1
2n`q` + 1
p`
)
∈ (2kpi, (2k + 1)pi) for some k ∈ Z.
(36)
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We may assume
0 ≤ n` < p`, ` = 1, . . . , r and 0 ≤ n < N(µ), (37)
where N(µ) is the numerator of µ.
If µ = 0, then a can be arbitrary, and (n1, . . . , nr) should satisfy
r∑
`=1
2n`q` + 1
p`
= 2n+ r. (38)
Theorem 3.2. Each conjugacy class of trace-free representations of the
Montesinos link M(p1/q1, . . . pr/qr) contains a unique representation ρ such
that X1 = A(1), −trh(ρ1) = a+ a−1 with a ∈ F and
(i) if ρ is abelian, then it is determined by a ∈ {±1} and a unique tuple
(s1, . . . , sr) ∈ {±1}r satisfying (20);
(ii) if ρ is reducible but not abelian, then µ = 0 and up to the two choices
Y1 ∈ {Sa, S′a}, ρ is determined by a ∈ {±1} and a unique tuple
(s1, . . . , sr) ∈ {±1}r satisfying (20) and (23);
(iii) if ρ is irreducible with a ∈ {±1}, then ρ is determined by a and a
unique tuple (h; s1, . . . , sr; a2, b2, c2; . . . ; ar, br, cr) such that s1, . . . , sh−1 ∈
{±1}, sh ∈ F − {±1}, Xh+1 = (−1)q˜1+···+q˜hsq11 · · · sqh−1h−1 A(sh), and
(20), (27), (28), (29) hold;
(iv) if µ = 0 and ρ is irreducible with a /∈ {±1}, then Y1 = A(s1), and ρ is
determined by a and a unique tuple (n, n1, . . . , nr) ∈ Zr+1 satisfying
(37) and (38);
(v) if µ 6= 0 and ρ is irreducible with a /∈ {±1}, then Y1 = A(s1), |a| = 1
and ρ is determined by a unique tuple (n, n1, . . . , nr) ∈ Zr+1 satisfying
(37) and 2n+ r−
r∑`
=1
(2n`q` + 1)/p` ∈ (2kµ, (2k+ 1)µ) for some k ∈ Z.
Remark 3.3. As pointed out in [6] (see Page 2), the case (ii) never occur
if M(p1/q1, . . . , pr/qr) is a knot.
Remark 3.4. Based on this classifying result, without too much difficulty,
one may determine the trace-free SU(2)-representations of a Montesinos link.
Suppose % is a trace-free SU(2)-representation of M(p1/q1, . . . pr/qr). Let
X˜`, Y˜` denote the generating pair of the restriction of % to [p`/q`]. Up to
conjugacy we may assume X˜1 = A(1).
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If % is reducible, then it must be abelian, and the result is the same as
Theorem 3.2 (i).
Now suppose % is irreducible. Since % is already a trace-free SL(2,C)-
representation, by Theorem 3.2 there exists a (diagonal) P ∈ SL(2,C) such
that ρ = P.% (the homomorphism sending each x ∈ pi1(S3 − L) to P.%(x))
such that X1 = A(1), −trh(ρ1) = a + a−1 with a ∈ F , and one of (iii)–(v)
holds. Since % takes values in SU(2), we have a = eiϕ with 0 ≤ ϕ ≤ pi.
In case (iii), since both X˜h+1 and Xh+1 = P.X˜h+1 are unitary, we have
that actually P is unitary, hence a`, b`, c` ∈ R, and % is conjugate to ρ as
SU(2)-representations. Similarly, in case (iv) or (v), % is also conjugate to ρ
as SU(2)-representations.
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